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ABSTRACT: We study the canonical structure of three-dimensional topologically massive
gravity with a cosmological constant, using the full power of Dirac’s method for constrained
Hamiltonian systems. It is found that the dimension of the physical phase space is two per
spacetime point, which corresponds to a single Lagrangian degree of freedom. The analysis
of the AdS asymptotic region reveals a remarkable relation to 3D gravity with torsion: in
the limit of vanishing torsion, the conserved charges and asymptotic symmetries of the two

theories become identical.
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1 Introduction

Three-dimensional (3D) gravity, with or without a cosmological constant A, is a topological
theory, in which there are no local physical degrees of freedom [1]. An interesting modifi-
cation of 3D gravity is obtained by adding the gravitational Chern-Simons term. General
relativity with a Chern-Simons term is known as topologically massive gravity (TMG), and
in contrast to pure general relativity, it is a dynamical theory with a local propagating de-
gree of freedom, the massive graviton [2]. More generally, having in mind a rich dynamical
structure found in general relativity with a cosmological constant [3], one expects that its
extension by the gravitational Chern-Simons term, denoted shortly as TMG,, may provide
a new insight into the black hole dynamics and the asymptotic structure of spacetime [4].

Both the gauge structure of a dynamical system and its physical content are most
clearly understood in the canonical formalism. The constrained Hamiltonian analysis of



the full TMGp was carried out recently in [5-7] (for the case A = 0, see [8]). The treatment
of the problem is characterized with complicated calculational details, which might be a
reason for significant inconsistencies in the conclusions. Namely, Park [5] found that the
number of degrees of freedom in configuration space is N, = 3 (one “for each internal
index”), Carlip [6] obtained N. = 1, while Grumiller et al. [7] also found N, = 1, but in
the chiral version of the theory [9].

Our original motivation for studying TMG, was to understand the relation between
3D gravity and 3D gravity with torsion [10, 11], and explore the influence of geometry on
the gravitational dynamics. After reading the literature, we learned that the constraint
structure of TMGp has a rather controversial status [5-7], and we focused our attention on
this issue. Our present study of the structure of TMG, is based on using the full power of
Dirac’s canonical formalism [12], and it leads to the conclusion N, = 1. The consistency of
our results is checked by comparing with the Lagrangian formalism, and by constructing
the canonical gauge generator. As a byproduct of our analysis, we are now able to critically
understand the results presented in the literature [5-7]. First, we discovered some errors
in Park’s calculations, which is why his result for N, is mot correct. Second, although
the values of N, obtained by Carlip and by Grumiller et al. are correct, some aspects of
the corresponding derivations are not satisfying: they are based on introducing an extra
constraint by appealing to the Lagrangian formalism, but the effect of this procedure on
the overall constraint structure of the theory remains unclear. Our systematic canonical
analysis gives a definitive support to the result N. = 1.

After clarifying the constraint structure of TMGy, we extended our analysis to the AdS
asymptotic domain. Our study of the subject leads to a remarkable relation between TMG p
and 3D gravity with torsion [11]: for a specific choice of parameters which ensures that
the torsion vanishes on shell, the conserved charges (energy and angular momentum) and
asymptotic symmetries of these two theories coincide. This conclusion looks quite natural
since it involves, on shell, the Riemannian sector of 3D gravity with torsion. Another
interesting aspect of this relation is that it involves two theories with substantially different
dynamical contents: 3D gravity with torsion is a topological theory, while TMG, has one
propagating degree of freedom.

The paper is organized as follows. In section 2, we give a brief account of the basic
dynamical features of TMG, in the Lagrangian formalism. In sections 3 and 4, we apply
Dirac’s method for constrained dynamical systems [12] to make a complete analysis of
the constraint structure of TMG,, which leads to N. = 1. In section 5, we construct a
convenient reduced phase space and use it to make a comparison with Carlip’s work [6].
The construction of the canonical gauge generator in section 6 confirms the consistency
of the previous analysis of constraints. Then, in section 7, we begin the examination of
the asymptotic structure of the theory by introducing the AdS asymptotic conditions,
which leads to a deep relation between the asymptotic structures of TMGy and 3D gravity
with torsion [11]. The full content of this relation is clarified in section 8, devoted to the
canonical realization of the asymptotic symmetry: we find the form of the surface term
necessary to make the canonical generator well-defined, calculate the conserved charges
and identify the central charges of the canonical algebra. Finally, section 9 is devoted to
concluding remarks, while appendices contain some technical details.



Our conventions are given by the following rules: the Latin indices refer to the local
Lorentz frame, the Greek indices refer to the coordinate frame; the middle alphabet letters
(4,4, ky...;u vy A, ...) run over 0,1,2, the first letters of the Greek alphabet («, 3,7, ...) run
over 1,2; the metric components in the local Lorentz frame are n;; = (+, —, —); totally anti-

symmetric tensor €% and the related tensor density P are both normalized as %12 = 1.

2 The Lagrangian dynamics

Topologically massive gravity with a cosmological constant is formulated as a gravitational
theory in Riemannian spacetime. Instead of using the standard Riemannian formalism,
with an action defined in terms of the metric, we find it more convenient to use the
triad field and the spin connection as fundamental dynamical variables. Such an approach
can be naturally described in the framework of Poincaré gauge theory [13]|, where basic
gravitational variables are the triad field b* and the Lorentz connection A% = — A% (1-
forms), and the corresponding field strengths are the torsion T° and the curvature RY
(2-forms). After introducing the notation A%Y =: —¥,w* and RY =: —c"; R¥, we have:

TZ:de—i—aijw]/\bk, R :dwz—i—gazjkw]/\wk.

The antisymmetry of A% ensures that the underlying geometric structure corresponds
to Riemann-Cartan geometry, in which b’ is an orthonormal coframe, g := mjbi ® b is the
metric of spacetime, w’ is the Cartan connection, and 7%, R* are the torsion and the Cartan
curvature, respectively. For T; = 0, this geometry reduces to Riemannian. In what follows,
we will omit the wedge product sign A for simplicity.

Field equations. The Lagrangian of TMG, is defined by
. A o .
L =2ab'R; — 3 i VO + ap ™ Leg(w) + AT, (2.1)

where a = 1/167G, Les(w) = wdw; + %Eijkwiijk is the Chern-Simons Lagrangian for the
Lorentz connection, \* (1-form) is the Lagrange multiplier that ensures T; = 0.
The variation of the action I = [ L with respect to b',w' and N, yields the gravitational

field equations:

2aR; — A&Z]kb]bk + VA =0, (22&)
2aT; + 2ap ' R; + € A™D" = 0, (2.2b)
T, =0, (2.2¢)

where V\; = d\; + 5,~jkwj M\ is the covariant derivative of \;. With T} = 0, the second
equation yields a simple solution for \,,:

1
A = 2ap" Ly, L, = ((Rz'c)mn - annR> b",

where (Ric),,, = —ek Riim, R = —aiijijk. After that, the first equation takes the form

2aR; — Agijpb/b* 4+ 2ap71C; = 0, (2.3a)



where C; = VL; is the Cotton 2-form. The expansion in the basis é, = %6kmnbmb", given
by R; = G*iéy, C; = C*;é;,, yields the standard component form of the above equation:

aGij - A”?ij + a,u_lCij =0, (2'3b)

where Gj; is the Einstein tensor, and Cj; = ;"""V,,, L,,; the Cotton tensor.

For later convenience, we display here two simple consequences of the field equations:
Amn — Apm =0, UA+3A4 =0, (2.4)
where A = \",,.

Gauge symmetries. By construction, gauge symmetries of the theory (2.1) are local
translations and local Lorentz rotations, parametrized by ¢* and € =: —¢% 0%, In local
coordinates z*, we have b* = biudx“, W= wiudm“, A= )\iudx“, and local Poincaré
transformations take the form:

5Pbiu = _gijk‘bjuek - (3u§p)bip - §papbiuv
Spw'y = =V 0" — (9,87 w', — EPOW"
OpN, = —e N 08 — (9,67, — EPON! . (2.5)

The BTZ black hole. The BTZ black hole [14], a well-known solution of the standard
3D gravity in the AdS sector (with A = —1/¢2), is a trivial solution of TMG,, since the
related Cotton tensor identically vanishes.

In the Schwartzschield-like coordinates x# = (t¢,r, ), the BTZ black hole solution is
defined in terms of the lapse and shift functions, respectively:

N2:<—8Gm+2—z+16f#>, N¢:4g‘].
The triad field has the simple diagonal form
v’ = Ndt, bl = N lar, b? =1 (dp + Nydt) , (2.6a)
the connection reads
W' = —Ndp, w!'' = N"'Nydr, w? = —Z—2dt — Nyrdy, (2.6b)

and the Lagrange multiplier is expressed in terms of the triad field as

A= ﬁbi. (2.6¢)

Maximally symmetric solution of TMG,, the AdS solution with isometry group
SO(2,2), is formally obtained from (2.6) by the replacements 8mG = —1, J = 0.



3 Hamiltonian and constraints

In order to get a deeper insight into dynamical structure of TMGy, we focus our attention
on its canonical content [12]. In local coordinates z*, the component form of the Lagrangian
density reads:

L = P [ab’uRw — ggijkbzubjybkp
B 4 1 o 1 .
+ ap ! (wzuauwip + ggijkwluwjuwkp> + 5)\Z,uTliup:| .

1. Introducing the canonical momenta (m;*,II;#,p;/*) corresponding to the Lagrangian
variables (b’ H,wi 1) pY ), we find the primary constraints:

¢ =m ~ 0, ¢ = m" =" A~ 0,
q)iO = Hio ~0, O, =1I,* — agoo‘ﬁ(%iﬁ + ,U'_lwi,@) ~0.
pl"u ~ 0. (3.1)

The canonical Hamiltonian has the form:

He = b'oH; + w'oki + NoT" + 0,D°,

Hz‘ - —anﬁ (aleg — Az’fijkbjabklg + Va)\ig) s

Ki = =08 (CLng +ap" Riag + 5z‘jkbja)\kﬁ) ;

1
i = _§€Oaﬁﬂa6’

D = 0B [awio (Qbig + ,u’lwiﬁ) + bio)\ig] .
The basic Poisson brackets (PBs) are displayed in appendix A.
2. Going over to the total Hamiltonian,

Hy = bloH; + w'ok; + NoTi + u' i + 0", @ + w' yp# + 0, D (3.2)

we find that the consistency conditions of the primary constraints 7%, IL,° and p;° yield
the secondary constraints:

H; =~ 0, Ki=~0, 7~ 0. (3.3a)

The consistency of the remaining primary constraints ¢;%, ®;% and p;“ leads to the
determination of the multipliers u’ 85 v g and w' 3. Denoting the determined multipliers by
a bar, we have:

2@,“71(17)@'5 — vﬁin) + El'jk(bjo)\kﬁ — b]ﬁ)\ko) = 0’
tig + eijrw’ob s — Vb = 0. (3.3b)



Using the Hamiltonian equations of motion biﬁ = ﬂig, djiﬁ = T)iﬁ and ).\ig = wiﬁ, these
relations reduce to the (0, 3) components of the Lagrangian field equations (2.2).

The substitution of the determined multipliers into (3.2) yields the modified form of
the total Hamiltonian:

HT — 7:[T + aaDa )
Hy = bioH; + w'ok; + NoTi + ulom® + v'oIL0 + w'op;”
where
H; = H; — Vo — Q_ljlefz‘jk)\jﬁq)kﬁ + ik (246 5+ X g) p*7
Ki=K; — eijkbjﬁqSkﬁ - Vﬁ‘@@ﬂ - €z‘jk)\jﬁpk6,
7, =T — %Eijkbjﬁq)kﬁ — Vpi® + peijpb sp™
D% = D% + biogbz‘a + wioq)ia + )\iopz’a .
3. The consistency conditions of the secondary constraints read:
i, 11Ty ~ % 10\a3 1o\ N03 380 C
(T, Hr} ~ 2%60"‘6 [bio)‘aﬁ = bia(Aog — ABO)} =Y,
{Ki,Hr} ~ 0, (3.4)

where A\, = bk uAky- This result contains an important difference with respect to the one
obtained by Park, eq. (14) in [5], which consists in the presence of the A, terms. To count
the number of independent tertiary constraints, one notes that Y; &~ 0 is equivalent to

Hoﬁ = )\Qﬁ — )‘ﬁO ~ 0, (35&)
Haﬁ = Aaﬁ - Aga ~ 0, (3.5b)

which, in turn, ensures X; ~ 0. Thus, we have only three independent tertiary constraints,
6os and 6,3, which are the canonical equivalents of the Lagrangian relations (2.4);.

4. The consistency of 0,3 yields
{Oap, Hr} = @Fadig + Wailps — (0 = B) ~ —2bcoas (3/1 + ;M) ~0.
Thus, we have a new, quartic constraint:
U =3A+puA=~0. (3.6)

The quartic constraint is a canonical equivalent of the Lagrangian relation (2.4)s.
To interpret the consistency condition for g, we introduce the notation

7% =m0 4+ NFpil, who = w'y — uFoNg . (3.7)
The (7;°, p;¥) piece of the Hamiltonian can be written in the form

A . o, .
u'orm® +wiop® = ulom® + w'o'pC.



The consistency of 6z imposes a condition on the two components wlﬁo = W b™ g of w;V
{905, HT} = (bio?ﬂig — )\ioﬂiﬁ) — (wmo — uko)\km)bmﬁ ~ 0,
Wy = blowig — Mot - (3.8)
5. Finally, the consistency requirement on ¥ determines wg, = w,,,b"o:
(U, Hr} = ¢ @) + g™ @)y + WP (w5 — N\*awg) ~ 0,
g why = WP+ Nog®) g — (B + 009" )i - (3.9)

This completes the consistency procedure.
The final form of the total Hamiltonian can be written as

7:(T = 7'_[T + uioﬂ'iOI + UiQHZ'O , (3.10)
Hrp = bio'):[i + wiol@ + )\ioi + U_)/ﬁopﬁo + wéopoo .

4 Classification of constraints

Among the primary constraints, those that appear in Hp with arbitrary multipliers are
first class (FC):
Y 10 = FC, (4.1a)

while the remaining ones are second class.
Going to the secondary constraints, we use the following simple theorem:

m If ¢ is a FC constraint, then {¢, Hr} is also a FC constraint.

The proof relies on using the Jacoby identity. The theorem implies that the secondary
constraints H; := —{m% Hr} and K; = —{I1,°, Hr} are FC. After a lengthy but straight-
forward calculation, we obtain:

Hi = Hj+ hi? (V)b op™,

Ki = Ki = cije(Mop™ — b o X p™) (4.1b)

where H' := H; + \i"*7;. In deriving the above form of 7:[i, we used the weak equality
2Aeimm + M (5mk>\km - 5imk)\kn> ~ hnuhmy(vﬂ)‘iu - vu)‘iﬂ) s

where time derivatives are expressed in terms of the determined multipliers.
The PB algebra between the FC constraints (ﬂ,, 16]) is calculated in appendix A. The
total Hamiltonian can be expressed in terms of the FC constraints as follows:

ﬂT = bioﬂi + u)iokii + uioﬂ'iO/ + Ui()HZ'O — aoghnﬁj; R (4.2)
where the last term is an ignorable square of constraints, with
Tn = —{ma’, Hr} = T — baodp™ — (Vbno)p™ — pengib?ob*sp™ .

The complete classification of constraints is summarized in table 1.



First class Second class
Primary ;0 11,0 ¢, D%, pi®, pi"
Secondary 7:(,~, K; 7
Tertiary 008, 0up
Quartic g

Table 1. Classification of contraints.

The content of table 1 related to the second class constraints needs additional ex-
planation. We begin by noting that the primary constraints (¢;%, ®;%, p;*, p;") are of the
second class, as the related multipliers in Hp are determined. The second class nature of
the remaining constraints (7;, 0o, 0ap, ¥) can be verified by analyzing their PB algebra.
There is, however, a much simpler argument based on the counting of dynamical degrees
of freedom, as explained bellow.

When the classification of constraints is complete, the number of dynamical degrees of
freedom in the phase space is given by the formula:

N* =2N — 2N; — Ny,

where N is the number of Lagrangian dynamical variables, Ny is the number of FC, and
N5 the number of second class constraints. According to our results, we have N = 27,
N1 = 12 and Ny = 28, the dimension of the phase space is N* = 2, and the theory exhibits
one local Lagrangian degree of freedom, the topologically massive graviton [2, §].

The argument that supports the classification displayed in table 1 goes as follows. If
at least two constraints in the set (7;, 600,043, ¥) were FC, then N* would be negative.
This is, however, not possible, hence, all the constraints (7},905, 003, V) are of the second
class. A more technical argument on this point is given in the next section.

5 The reduced phase space

The canonical analysis of TMG, developed so far is based on using the full phase space
with coordinates (b’ s w' s bY w; it 4P pi#). Now, we wish to examine what happens when
we go to the reduced phase space formalism, in which the PBs are replaced by the Dirac
brackets (DB) [12].

We begin by noting that we have two sets of FC constraints, 7;" and II,°, hence we
are free to impose two sets of gauge conditions. A simple and natural choice is to fix
the form of the corresponding unphysical variables, b’y and w’y. This can be done, for
instance, by demanding their forms to coincide with the black hole solution. After that, we
can construct the corresponding DBs and eliminate the variables (b%g, m;’) and (w'o, I1;°)
from the theory; the DBs of the remaining variables remain unchanged. Note that similar
arguments cannot be applied to the pair (p;°, X’g), since p;° is not a FC constraint.



First class Second class
Secondary HEL K 7
Tertiary 0ap

Table 2. Classification of constraints in Rs.

Next, we use the second class constraints X4 = (¢;%, ®;%, p;*) to eliminate the re-
maining momenta (m;, IL;%, p;%). After that, the structure of the reduced phase space R;
with canonical coordinates (b'n,w’s, Ain; Ao, p;¥) is determined by the DBs

{t'a, g} =0, {Va,wp} =0, (b, Mg} = c0apn’d,
{wha, g} = %%aw’j 8, A{w'a, Mg} = —peoapns
{Naw Mg}l = 2ape009m”0 (5.1)

plus those involving Ag and p;° (appendix B).

Finally, we introduce the reduced phase space Rs, defined by the 6 second class con-
straints Y4 := (6og, U, p po). The constraints Y4 can be used to eliminate Ay and p;°
from R, whereupon the reduced phase space R is described by the canonical coordinates
(b, w'a, ANiy). Using the iterative property of DBs, the influence of Y4 on the form of
DBs is described by the matrix Ay, with (Ag2)ap = {Ya,Yn}] (appendix B). Explicit
calculation shows that the form of the new DBs is defined by the following simple rule:

» The new DBs in Ry are the same as those in eq. (5.1).

The classification of constraints in Rs is displayed in table 2.

The number of the phase space variables is 3 x 6 = 18, there are 6 first class and 4
second class constraints, and the number of physical degrees of freedom is the same as
before, N* =18 — 2 x 6 —4 = 2, as it should.

Treating (b'g, w'o, Aig) as Lagrange multipliers, Carlip worked from the very beginning
in the reduced phase with canonical coordinates (by,w’s,A'y) [6]. To compare his con-
struction with our Ry, we replace the variables w® and A! by A" = w'+pub’ and 3* = X' —aub?,
respectively. The resulting non-trivial DBs are:

{AiOé?Ajﬁ}z = Q_lggoaﬁnij57 {bimﬁjﬁ}; = anﬁnijév (5'2)

in complete agreement with eq. (3.2) in [6] (in units a = 1). Hence, Ry coincides with
Carlip’s construction of the phase space.

At this stage, one can check the second class nature of Z4 = (7;,0,3) directly from
the form of their DBs:

* K oq
{7;77}}2 — _80 ﬁblab‘],@7

2a
{7;7 00{6}; = V,@(bmé) - va(biﬁé) + 2ﬂ5imnbmabn,@57
{Haﬁa 976}5 =0. (5.3)

Indeed, as shown in [6], the matrix (As)ap = {Z4, Zp}35 is invertible.



6 Gauge generator

After completing the Hamiltonian analysis, we now wish to construct the canonical gauge
generator [15]. Starting from the primary FC constraints 7;°" and IL,°, one finds:

G[T] = 7-_@'7”0/ + Ti [7:[@ - €ijkwj07'('kol + % (c%mn)\jn — €jmn)\in) bjoﬂmo] s
G[O’] = O'ZHZO + o' (’62 — €ijkwj0Hk0 — €Z‘jkbj07Tk0/> . (61)

The complete gauge generator has the form G = G[r] + GJo], its action on the fields is
defined by the PB operation dy¢ = {¢, G}, but the resulting gauge transformations do not
have the Poincaré form (2.5). The standard Poincaré content of the gauge transformations
is obtained by introducing the new parameters [11]

Tt = —£pbip, ol =—0' — £pwip.

Expressed in terms of these parameters (and after neglecting some trivial terms, quadratic
in the constraints), the gauge generator takes the form:

G = -G —Gs,
Gy = € (bipﬂ"io 4 )\ippio —i—wipﬂio)
+¢7 [biﬂﬂi + Aip,j; + Wip’éi + (8,,()6)7@0 + (8p)‘i0)pi0 + (apin)HiO] )
G = 610 1 0° [ e (Bor® 4 Mg+ 3g)] (62

Looking at the related gauge transformations, we find a complete agreement with the
Poincaré gauge transformations (2.5) on shell.

7 Asymptotic conditions

Asymptotic conditions imposed on dynamical variables determine the form of asymptotic
symmetries, and consequently, they are closely related to the gravitational conservation
laws. In this section, we focus our attention to the AdS sector of the theory, characterized
by the negative value of the cosmological constant:

A 1

a =: _6_2 .
AdS asymptotics. The AdS asymptotic conditions are introduced by demanding that
(a) the asymptotic configurations include the black hole solution (2.6), and (b) they are
invariant under the action of the AdS group SO(2,2). Following the procedure defined in
3D gravity with torsion [11], we find the asymptotic form for the triad field:

%—1-01 Oy O

by = Oz é +0s5 02 ' (7.1a)
O Oy r+0;

,10,



and for the connection:

Oy Os —%4-01

wiu = TOQ O3 Oy . (7.1b)
2 +0; 00 O
In TMG,, we have one more Lagrangian variable, the Lagrange multiplier \’. Since A\’ for
the black hole solution satisfies (2.6¢), we define its asymptotic behavior by the relation:
N = b+ O (7.1c)
2 ,11[2 1 ) 1C
where O denotes terms with arbitrarily fast asymptotic decrease.

At this stage, by comparing (7.1a) and (7.1b) with the asymptotic conditions in 3D
gravity with torsion, see section 4 in [11], we are led to an important observation:

(A1) The asymptotic form of b’p and wiﬂ in TMG, is the same as in 3D gravity with
torsion in the limit when the torsion vanishes on shell.

Looking at the field equations of 3D gravity with torsion displayed in appendix C, one finds
that the condition of vanishing torsion takes the form p = 0, where p is a combination of the
coupling constants. The origin of this property may be traced back to the form of the BTZ
black hole (2.6). As we shall see in the next section, (A1) lies at the root of a remarkable
correspondence between the asymptotic structures of TMG, and 3D gravity with torsion.

Asymptotic parameters. Having chosen the asymptotic conditions in the form (7.1),
we now wish to find the subset of gauge transformations that respect these conditions.
As a first consequence of (Al), we conclude that the parameters of the restricted gauge
transformations have the same form as in 3D gravity with torsion [11]:

1(0°T\ ¢ or
50:£[T+§<—8t2>—rg]+04, 51:—£<—8t>r+01,
s o L[S\ ¢
&=5-3 92 2+ O, (7.2)

and similarly for 6. Here, the functions T'(¢, ¢) and S(t, ¢) are determined by the conditions
T~ =T (z7), T =T"(zh),

where TF = T+ S and 2T = 20 /¢ F 22, After expressing T'T in terms of the Fourier modes
and introducing the notation dp(TF = ") =: (F the asymptotic commutator algebra
takes the familiar form of two independent Virasoro algebras without central charges:

i, 0] =(n—m)l

n’» m

nm s e o = (n—m)et, .

The asymptotic symmetry of spacetime, defined by the parameters T'F, coincides with the
conformal symmetry.

— 11 —



Asymptotics of the phase space. In order to extend the asymptotic conditions (7.1)
to the canonical level, one should determine an appropriate asymptotic behavior of the
momentum variables. This step is based on the following general principle: the expressions
than vanish on shell should have an arbitrary fast asymptotic decrease, as no solutions of
the field equations are thereby lost. By applying this principle to the primary constraints
(3.1), one finds the asymptotic behavior of all the momentum variables.

8 Canonical realization of the asymptotic symmetry

In this section, we study the influence of the adopted asymptotic conditions on the canonical
structure of TMG,: we construct the improved gauge generators, examine their canonical
algebra and prove the conservation laws. As a consequence of (A1), all these characteristics

are naturally related the the corresponding results in 3D gravity with torsion.

8.1 Swurface terms

The canonical generator acts on dynamical variables via the PB operation, hence, it
should have well-defined functional derivatives. In order to ensure this property, we have
to improve the form of G by adding a suitable surface term I', such that G = G+ 1T is a
well-defined canonical generator. In this process, the asymptotic conditions play a crucial
role [11, 16].

Following the same calculational technique as in [11], we find that the improved canon-
ical generator takes the form

é — G + F 9
27
r:= —j{dfa (P + M) = —/ do ((TE' + SM') (8.1a)
0
where

1
£ = 9£08 <aw°ﬁ + L0+ 5/\Oﬁ + 2025+ iuﬂg) %,

202 00T e
1
MO = 9098 <aw25 + 2}%1;25 + 3%+ %b% + %d@) b, . (8.1b)

Now, we can use the asymptotic relation (7.1c) for A’ x and compare the value of the
surface term I' with the corresponding expression for 3D gravity with torsion, displayed in
appendix C, with the following conclusion:

(A2) The value of the surface integral I' in the AdS sector of TMG, coincides with the
corresponding value in 3D gravity with torsion, in the limit of vanishing torsion.

This conclusion is a natural consequence of (Al).

8.2 Conserved charges

The values of the surface terms, calculated for €0 = 1 and &2 = 1, define the energy and
angular momentum of the system, respectively:

2T 2T
E:/ dp &, M :/ dp M*. (8.2)
0 0
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In particular, the energy and angular momentum for the BTZ black hole (2.6) are:

J M=J-2 (8.3)

E=m-—-—,
62 I

In agreement with (A2), these BTZ charges are seen to coincide with the corresponding

expressions in 3D gravity with torsion, in the limit of vanishing torsion, see appendix C.

8.3 Canonical algebra

Using the notation @(i) := G[T;",T,7], the main theorem of [17] states that the canonical
algebra of the improved generators has the general form:

{G(2)7 G(l)} =G+ ), (8.4a)
where C'3) is the central term. To calculate C(3), we note that
{6(2), é(l)} ~ 5(1)F(2) ~ F(g) + C(g) .

The calculation of §(1)I'(2) is based on the asymptotic transformation laws of the ener-
gy/angular momentum densities £+ = ((€1 F M) /2:

1
65:': = —T:F(9¢5¢ — 2(8¢T:F)5¢ —|— CLE <1 Zl: m) 8§:T:F 5
and it leads to
Ca) = C_[T7]+ CL[T"],

27
Co[TF] = —af <1 + i) / dp(OETF)TF . (8.4b)
0

Introducing the Fourier modes for the improved generator, L] = —G[TF = 7], the
canonical algebra (8.4) takes the form of two independent Virasoro algebras with different

1 3¢ 1
T=24 l+—)=—(1£— ). .
c 7ra€< €M> 2G< €M> (8.5)

A direct comparison with appendix C implies that the central charges of TMGy have the

central charges:

same values as in the p = 0 limit of 3D gravity with torsion, which is, again, a consequence
of the general correspondence (A2).
Once we have the central charges, we can use Cardy’s formula to obtain the black hole

entropy [4, 18]:
27rry 27r_

=G CAGul’

(8.6)

where 7 and r_ (the radii of the outer and inner black hole horizon, respectively) are
related to the black hole parameters m and J by ri +r2 = 8Gml?, ror_ = 4GJL. The
form of the entropy is in agreement with the first law of black hole thermodynamics.
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9 Concluding remarks

In this paper, we studied TMGp as a constrained dynamical system [11]. Our approach
is based on using the triad field b’ and the spin connection w’ as independent dynamical
variables, while the Lagrange multiplier A\’ is introduced to ensure the vanishing of torsion.
Our goal was twofold: first, to obtain and classify the constraints and deduce the dimension
of the physical phase space N*, and second, to examine the asymptotic structure of TMG
and compare it with the corresponding features of 3D gravity with torsion.

(1) With regard to the first goal, we found N* = 2, which means that the number of
Lagrangian degrees of freedom is N, = 1.

Since Park [5] used the same formalism, we can easily compare his results with ours.
Park’s consistency conditions for H; and 7; in eq. (14) of [5] are not correctly calculated,
as one can see by comparing with our egs. (3.4) and (3.5). As a consequence, Park missed
the tertiary constraint 6,3. Without 6,3, he was not able to find the quartic constraint
U, given in our eq. (3.6). Moreover, one can directly conclude that Park’s classification of
constraints is not correct. Indeed, if ¥0 and K, (I1;° and /C; in our notation) were the only
FC constraints as claimed in [5], we would not be able to construct the complete Poincaré
gauge generator, but only its Lorentz piece. Consequently, N, = 3 is not the correct result.

As we mentioned in section 5, Carlip treated (bp,w’o, \Yg) as Lagrange multipliers,
and he worked in the phase space equivalent to our Ry [6]. After identifying the secondary
constraints (as defined in table 2), he relied on the Lagrangian formalism to justify the
introduction of an eztra constraint A (in section 4). Adding a constraint in this way is a
serious step, which might influence dynamical content of the original theory. To prevent
that, one needs a consistency control of the procedure which guarantees that the constraint
content of the theory remains unchanged with respect to the genuine canonical treatment.
In particular, one should clarify whether there exist some other Lagrangian expressions,
beside A, that should be also treated as constraints. We have not found a satisfying
analysis of these issues in [6]. The extra constraint A essentially coincides with our 6,4.

For negative A, one can define the chiral version of TMG, by demanding that one of
the two central charges vanishes, uf F+1 = 0. Li et al. [9] argued that, while TMG, for
generic p is unstable, the chiral version of the theory might be consistent. Grumiller et
al. [7] studied the case uf = 1 in a reduced phase space formalism, which is simmilar to
(but not identical with) the one used by Carlip. They found N, = 1, but again, only after
imposing the additional condition 6,3 ~ 0, whose canonical status was not discussed. Our
results imply that transition to the chiral coupling does not have a critical influence on the
form of the PB algebra. Hence, we have N, = 1 also for the chiral coupling.

(2) As a consistency check of our analysis of constraints, we used the PB algebra to
construct the canonical generator of Poincaré gauge transformations. The form of this
generator is improved by adding suitable surface terms, and used to examine the AdS
asymptotic structure of TMGy. The result of this analysis leads to a remarkable conclusion:
the conserved charges and asymptotic symmetries of TMG, are the same as in 3D gravity
with torsion, in the limit of vanishing torsion. It is interesting to note that we have

— 14 —



here two theories with substantially different local properties (3D gravity with torsion is
a topological theory, while TMG, has one propagating degree of freedom), but still, they
have classically identical asymptotic structures.
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A The algebra of constraints

In this appendix, we display the most important PBs that facilitate the evaluation of the
consistency requirements. Starting from the basic relations {b’,,, 7;} = 5;5;:5 (x — ') ete.,
we find the PBs between the primary constraints,

{9, @7} = —2ae" ;6 , {¢:%, P} Oy = 006,
{®,%, "} = —2ap~ '™ n56,

between the primary and secondary constraints,

{o:% H;} = 2A5ijkpka(57 {0 K;} = —eiju0"d,
{0 T} = 2=cun (~@ke + 2ap) 5,

(@, H,;} = —aijk¢ko‘, (9, K} = —ei;5 050,
{9, 7;} = €ijkp'm5,

{pi® H;} = Ewk <—<I>ko‘ + Qaplm) J, {pi® K;} = —El-jkpko‘é,

and the PBs between the secondary constraints,
{Hi Hy}y = 202 TH5 + - F 00 ) X6

+ﬁ5ijk5mn A" {2@ <2ap"ﬁ — (I)"ﬁ) + ¢n5] 5

2a
{Hi, K} = —eiuH*s,
{ﬂ-:f»}:ﬂak( /ck+2:f)5 L2008 () X + Niabjs)0 |
iy 4j 2q 4 2 ij oy iaVj
B km nd _ gnb gl . Kk omByn
2 cimpen s [ a<2 ap™? — @ )+¢ ] S eimkein DN 0
{,alﬁﬁj

I
|
™
S
Bl
3
>
—
Sy
£
N
—
Il
|
™
S
Bl
9
<,

—_
N
Rl
I
=
o
=)
S
Q@
=
>,
_|_

Next, we calculate the PBs between (0yg,0,3) and the secondary constraints:

{005, Ki} = —imp (N 50F0 + ATob" )4,
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{003, T} = —V3(biod) + peijud’ gb" o5 ,

{0ap, Hi} = =V (Nigd) = i/ (24675 + 1A 5)d — (a = ),
{9045”61'} =0

{008, T} = =Vis(biad) — peib’ ab*s — (a0 = B),

and between ¥ and the secondary constraints:
[0, Hi} = o [VhV30) — ™ (246 + pXFa )] |
(U,K:} = —peisn <hjo>\k0 + bjo)\ok) 5,
(0,7} = u [—v’ﬁ(h,ﬂa) + uaijkhjobkoé] .

~

Finally, we display the PBs among the secondary first class constraints (7:(1, IC)):

{7:[2‘,7:(]'} = —iezjmkml@mé,
{ﬂ,,lﬁj} = —El'jk'):fkfs,
{I@,,Iﬁj} = _Eijkk: 0

B Dirac brackets

The phase space R; is defined by the second class constraints X4 := (¢;%, ®;%, p;%). To
construct the corresponding DBs, we consider the 18 x 18 matrix Ay with matrix elements
(Al)AB = {XA.XB}:

{0:% ¢;°} {6:*, 2,7} {0 p;"}
Ay = | {®:%, 0,7} {2, @;°} {®:%,p;7}
{p:i®, ;°} {p® ®;°} {p:i® p;"}

The explicit form of A; reads:

0 —2a -1
Ai(z,y)=| —2a —2ap~! 0 | ® anﬁnijé(m,y).
—1 0 0

The matrix A is regular, and its inverse has the form

0 0apt
_ o 1 ;
Ait(y.z) =" 0 5 a4 | @ c0,P"0(y, 2) .

ap~' a 2a?
The matrix Al_l defines the DBs in the phase space R;:

{6,9}] = {0, ¥} — {6, Xa}(ATH B {Xp, v}

,16,



The main part of the result is displayed in (5.1), while the remaining non-trivial first-level

DBs involving Xg, p”° and po? are:

{AiaapﬁO}T = _600!“/hi6p705’
{No,p™} = 15, {No, po®}t = bigd.

The reduced phase space Ry is obtained from R; by imposing the additional second
class constraints Y4 := (6pg, V¥, % po?). The corresponding 6 x 6 matrix Ay reads:

{60, 005}7 {000, O}} {000, "} {000, 0"}
{U,005}7 {0, 0} {9,p) {¥,p};
{p°°, 00531 {p°°, W} {p°°, P} {p°°, 0"}
{po®, Bos}; {pa®, U} {pa®, p™}; {po® po®"}

AQ =

The explicit form of A, is:

where

Ao 52 Goa B 2€00, [atgoo — Aoo] O
' —g% 1 )7 ' 59 0"

The inverse of A, is given by

_(ATH\—1
(82) My, 2) = < i XT)1> Sy =),

Afl _ 1 _5§ + 5004750'6)6907905 —90a
goog™ 9% 1 '

The DBs in Ry are the same as those in (5.1).

C 3D gravity with torsion in brief

Here, we give here a short review of some relevant features of the topological Mielke-Baekler
model [10, 11]. The model is defined by the Lagrangian

A A . A
L=2ab'R; — 3 eijrb VB + azLes(w) + agb'T; .

In the non-degenerate sector with asoay — a® # 0, the gravitational field equations have

the form
2T = peijrbb* 2R; = qeijrb/b*
where
azA + oga  (aw)*+ad
 agay —a?’  agag—a?
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The Riemannian piece of the Cartan curvature reads:

2
~ . p
2R; = Aeffgijkbjbk ) Aot = q — Z .

In the AdS sector of the theory, where the effective cosmological constant A.g is negative,
we have Agg =: —1/02.
The surface term of the improved canonical generator reads:

r= —/% dp (£°6" + €M) (C.1)
0
£ = 908 [(H O‘;p)woﬁ <a4+ )bo + €b25+7w ﬁ} 0%,
M = —2g008 [(a—i— a;,p>w g+ (a4+ >b2 + 6605—1—7(4) ﬁ} b2, .

The values of the surface term for £€° = 1 and &2 = 1 define the energy and angular
momentum of the system, respectively. In particular, the conserved charges for the BTZ
black hole read:

pm J pJ

E = /= - = M=J+ 2| —— . C.2

+ a ( 2 €2> ’ + a ( 2 m> (C2)

The canonical algebra of the improved generators is characterized by two different central
charges:

3¢ pl
Ff=—"192 — 41 . .
c 5C + 24mas < 5 > (C.3)

According to the field equations, the vanishing of torsion can be described by three
equivalent conditions:

(C.4)

A 1 Qg
p— O = —
p ) q a

= —— a4 = 6—2 .
This case is of particular interest for comparison with TMG,. Note that the Chern-Simons
coupling constant p in TMGy, is related to ag by as = a/pu.

For p = 0, the treatment of the chiral limit of 3D gravity with torsion demands an
extension of the canonical analysis to the sector agay — a? = 0.
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